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Complex Exponentials 

January 22, 2019 

For the complex number , x + jy, 

r 

tane 

Jx2 + y2 
y 

x 

for x =I- 0. If x = 0, e = 7r / 2 when y > 0 and e = - 'Tr / 2 when y < 0. 

(1) 

It is important to go between the sinusoidal form and the phasor form. 
Assume the frequencies of the sinusoids are the same. We know the sum of such 
sinusoids will be a sinusoid of the same frequency. 

Take the 10 Hz sinusoids (DSP First Page 31) 

The phasors involved are 

-

1. 7 cos(207rt + 707r / 180) 

1. 9 cos( 207r l + 2007r / 180) 

1. 7 e17D11' /180 

1.9 e j 20071' / 180 

Then the steps to form x3(t) =xi (t) + x2(t) is as follows: 

1. Convert both phasors to Rectangular form 

2. Add the real and imaginary parts 

3. Convert back to polar for the phasor X3 

4. Convert to the cosine form. 

1 

(2) 

(3) 
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z-6 PHASOR ADDITION 31 

Two steps (shown in color) are important in this proof. In the third line, the complex 
exponential ei wo1 is factored out of the summation because all the sinusoids have the 
same frequency. In going from the third line to the fourth, the crucial step is replacing 
the summation term in parentheses with a single complex number, Aei'P , as defined in 
(2.23), because we are adding N complex constants. 

2-6.3 Phasor Addition Rule: Example 

We now consider an example of adding two sinusoids, where 

5~i~I 10
o/tibT0 ~ ,@;f)?...). x 1(t) = 1.7cos(20rrt +70rr/18~) 

£..Tl 
z ,JC. x2(t) = 1.9cos(20rrt + 200rr/180) 
~T6 -:. o,o~S -· 

The frequhcy of both sinusoids is 10 Hz, so the period is To= 0.1 s.Ihe sumx1 (t)+x2(t) 
is done via phasor addition (2.n) of the complex amplitudes which requires four 
steps: 

,... G-o.-e~ 
1. Represent x1 (t) and x2(t) by the phasors : 

2. Convert both phasors to rectangular form: 

x, = 0.5814 + jl.5975 

X2 = -1.7854 - j0.6498 

3. Add the real parts and the imaginary parts: 

,qt.tn 'D 

l'-- '' ~'!\.~ 
, -z_ l 

l l/2_ X3 = X1 +X2 k-( ,z_o~t + /} • q Lpf = (0.5814 + jl.5975) + H.7854- j0.6498) 

_, -z -z. 1.._ • ~ • = -1.204 + j0.9477 - I , '7 ? 

-- .. °''-\' ·r1 \ ~ LL\ L .1 q · - · 
, \.., . ..-l ( Q/.:tConvert back to polar form, obtaining6 

-rr ..,./ l e>-V" \ ()., ' ., 
' . X3 = l .5322eil41.79rr/ I80 

6With a modern scientific calculator, step l is data entry, and then a single button would be pushed to do 
steps 2-4. 
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Phasor Vectors 

Phasor Addition 

(a) 

CHAPTER 2 SINUSOIDS 

The resultant phasor X3 is converted back to a 10-Hz sinusoid, so the final formula 

for x 3(t) is e-o 
. .? 

x 3 (t) = 1.5322cos(20rrt + 141.79n/ 180) 

x3 (t) = 1.5322 cos(20n(t + 0.0394)) 

The waveforms of the three signals are shown Fig. 2- l 5(b) and the phasors used to 
solve the problem are shown on the left in Fig. 2-15(a). Notice that the times where the 
maximum of each cosine signal occurs can be derived from the phase through the formula 

which gives 

cpTo 
tm= - -

2n 

If ~Lo 1 <;\.,£-,-t 
[~ To ~'~~t 

t111 1 = -0.0194, t111 2 = -0.0556, !171 3 = - 0.0394 S 

These times are marked with vertical dashed lines in the corresponding waveform plots 
in Fig. 2- l 5(b ). 

x,(') =\ 

2 

X3(l) 0 

-I 

- 0.08 - 0.04 0 0.04 0.08 0.12 0.16 0.2 

,,.._._o.D?S~ 

- 0.08 - 0.04 0 0.04 
Timer (s) 

(b) 

0.08 0.1 2 0.16 0.2 

Figure 2-15 (a) Adding sinusoids by doing a phasor addition, which is actually a graphical vector sum. (b) The time of 
the signal maximum is marked on each x; (t) plot. 

2-6 p -
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% Example 2-6.3 Add two cosines 
% xl(t) = 1.7 cos(20*pi*t +70*pi/180) + 1.9 cos(20*pi*t +200*pi /180) 
format short 
% Convert Phasor to rectangular 

xl=l.7*exp(j*70*pi/180) % xl 0.5814 + l.5975i 

x2=1 . 9*exp{j*200*pi/180) % x2 -1.7854 - 0.6498i 
x3=xl+x2 % x3 -1.2040 + 0.9476i 
% Convert x3 to polar 
magx3=abs(x3) % magx3 1.5322 
x3theta=angle(x3) % x3theta 2.4748 theta in rad 

thetadeg=x3theta*l80/pi % thetadeg = 141.7942 degrees 
% Consider x(t-tO); the shift in time, omega = 2*pi/TO = 20*pi 
omega = 20 *pi 
To = 2*pi/omega % 0.1 Seconds 
td= - x3theta*(To/(2*pi)) % td= -0.0394 
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